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Black hole jet power depends on the angular velocity of magnetic field lines, ΩF. Force-free black hole
magnetospheres typically have ΩF=ΩH ≈ 0.5, where ΩH is the angular velocity of the horizon. We give a
streamlined proof of this result using an extension of the classical black hole membrane paradigm. The
proof is based on an impedance-matching argument between membranes at the horizon and infinity. Then
we consider a general relativistic magnetohydrodynamic simulation of an accreting, spinning black hole
and jet. We find that the theory correctly describes the simulation in the jet region. However, the field lines
threading the horizon near the equator have much smaller ΩF=ΩH because the force-free approximation
breaks down in the accretion flow.
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I. INTRODUCTION
The Blandford-Znajek (BZ) model [1] describes how
spinning black holes can power jets. The black hole’s
rotational energy is extracted by the interaction of an
external magnetic field with the hole. The BZ model’s
predictions depend on the angular velocity of magnetic
field lines, ΩF. One way to compute ΩF is to build models
for black hole magnetospheres. The simplest realistic black
hole magnetospheres are described by force-free electro-
dynamics (FFE), already a nonlinear set of differential
equations. There exist analytic perturbative solutions for
slowly rotating black holes [1–9] and numerical solutions
for rapidly rotating black holes [10–14]. General relativistic
magnetohydrodynamics (GRMHD) simulations describe
the interaction of jets with accretion flows [15–20].
In all cases (analytical and numerical, FFE and GRMHD),
one finds that realistic jets have ΩF=ΩH ≈ 0.4–0.5, where
ΩH is the angular velocity of the horizon. This universality
begs an explanation. It is also striking that ΩF=ΩH ¼ 0.5
happens to be the value that maximizes jet power in the BZ
model. The black hole membrane paradigm suggests an
explanation for both observations [21–27]. In this picture,
currents flowing in the magnetosphere are closed off by
currents flowing on the horizon and the sphere at infinity.
The ratio ΩF=ΩH is the circuit efficiency. The horizon and
infinity have the same surface resistivity, so they achieve
near perfect impedance matching for most field geometries.
This explains why the circuit efficiency is ΩF=ΩH ≈ 0.5.
Recently, we have given an action principle formulation
of the membrane at infinity [28], extending an earlier action
principle formulation of the membrane at the horizon [29].
This motivates us to revisit the impedance-matching
argument. We give special attention to the electromagnetic
boundary condition at infinity. Thenwe consider a GRMHD
simulation of an accreting black hole with spin a=M ¼ 0.9.
The simulation spontaneously develops a jet withΩF=ΩH ≈
0.4. We check that FFE is a good approximation in the jet
region. We show that the boundary conditions defining the
membrane at infinity are approximately satisfied inside the
jet, at radii beyond the stagnation surface, which we define
below.Weconclude that themembrane impedance-matching
argument correctly explains the simulation data.
The description of the horizon and future null infinity,
Iþ, as resistive membranes is valid for observers who
remain in the black hole exterior. We will not consider
observers who fall in the black hole. However, the
membrane paradigm can be extended to this case. Each
observer defines a causal diamond of events with which
they are in causal contact. Each observer sees the future
boundary of their causal diamond as a membrane with
similar properties to the membranes we use in this paper.
Our paper is organized as follows. In Sec. II we give a
streamlined version of the impedance-matching argument,
in Sec. III we discuss the electromagnetic boundary
condition at infinity, in Sec. IV we apply the theory to
our GRMHD simulation, and in Sec. V we summarize and
discuss future directions.
II. IMPEDANCE MATCHING
The Kerr metric in Boyer-Lindquist (BL) coordinates is
ds2 ¼ −ð1 − 2Mr=ρ2Þdt2 − ð4Mar sin2 θ=ρ2Þdtdϕ
þ ðρ2=ΔÞdr2 þ ρ2dθ2
þ ðr2 þ a2 þ 2Ma2r sin2 θ=ρ2Þ sin2 θdϕ2; ð1Þ
where
Δ ¼ r2 − 2Mrþ a2; ð2Þ
ρ2 ¼ r2 þ a2 cos2 θ; ð3Þ*rpenna@mit.edu
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and M and a are the mass and spin of the black hole. The
event horizon is at rH ¼ M2 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M2 − a2
p
and the angular
velocity of the horizon is ΩH ¼ a=ð2MrHÞ. The zero-
angular momentum observer (ZAMO) frame is [30]
etˆ ¼ αdt; ð4Þ
erˆ ¼ ρ=Δ1=2dr; ð5Þ
eθˆ ¼ ρdθ; ð6Þ
eϕˆ ¼ −ωΣ=ρdtþϖdϕ; ð7Þ
where
α ¼ ρ
Σ
Δ1=2; ð8Þ
ω ¼ 2Mar
Σ2
; ð9Þ
Σ2 ¼ ðr2 þ a2Þ2 − a2Δ sin2 θ; ð10Þ
ϖ ¼ Σ
ρ
sin θ: ð11Þ
An observer in the black hole exterior cannot receive
signals from beyond the horizon or Iþ. These surfaces
behave as membranes at the edge of space [22,23,28,29].
They carry surface 3-currents, ~jH and ~j∞, which terminate
the electromagnetic field in accordance with Gauss’s law
and Ampere’s law. The membrane at infinity has infinite
area but finite charge (assuming standard boundary con-
ditions on the electromagnetic field). To avoid infinities,
one computes the charge on “stretched infinity,” a surface at
large but finite radius, and then takes the limit as stretched
infinity approaches true infinity [28]. A stretched horizon
slightly outside the true horizon plays a similar role in
regulating infinities at the horizon. We assume throughout
that infinite quantities have been regularized using the
stretched horizon and stretched infinity in the standard way.
We use the ZAMO frame because it is the fiducial example
of a family of observers who remain in the black hole
exterior.
The 3-current on the membrane at the horizon is
jaH ¼ Farˆ; ð12Þ
and the 3-current on the membrane at infinity is
ja∞ ¼ −Farˆ; ð13Þ
where Farˆ ¼ Faberˆb is the electromagnetic field in the
black hole exterior evaluated at the horizon and infinity.
The membrane currents close off the currents in the
magnetosphere and form closed circuits. The problem of
computing ΩF=ΩH becomes a circuit problem (see Fig. 1).
The membranes are resistors, with surface resistivities
(see Sec. III):
RH ¼ R∞ ¼ 377Ω: ð14Þ
The black hole’s rotation acts as a voltage source. So we
have a three-element circuit consisting of a battery and two
resistors connected in series.
Let ~E by the ZAMO frame electric field and let ~Ejj be its
components parallel to the membranes. The membrane
electric fields, ~EH and ~E∞, are 2-vectors obtained by
evaluating ~Ejj at the membranes. They obey Ohm’s laws,
~EH ¼ RH~jH; ~E∞ ¼ R∞~j∞; ð15Þ
with resistivities given by (14).
Assume a stationary, axisymmetric, force-free magneto-
sphere. The electric field is
FIG. 1 (color online). Force-free black hole magnetosphere as a
circuit. Heavy black lines indicate the membrane at the stretched
horizon and the membrane at stretched infinity. In the magneto-
sphere, the current (dashed red) follows the poloidal magnetic
field, ~BP. On the membranes, the current follows the poloidal
electric field, ~EP (membrane Ohm’s law). The total current forms
a closed circuit. The black hole acts as a battery driving the
circuit. The field line angular velocity, ΩF=ΩH , is the circuit
efficiency. It is fixed by the ratio between the resistive drop at
infinity, ΔR∞, and the resistive drop at the horizon, ΔRH. This
ratio is fixed by the angular distributions of the field lines at
infinity and at the horizon [see Eq. (32)]. As long as the field line
distribution is fairly uniform, one has near perfect impedance
matching and ΩF=ΩH ≈ 0.5.
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~E ¼ −~vF × ~BP; ð16Þ
where ~BP is the poloidal magnetic field in the ZAMO
frame, and
~vF ¼
1
α
ðΩF − ωÞϖeϕˆ; ð17Þ
ΩF ¼ −Ftθ=Fϕθ ð18Þ
are the linear and angular velocities of magnetic field lines.
Consider the electromotive force (EMF) generated by the
black hole battery. Let C be the closed curve in Fig. 2. The
curve begins at Q on the stretched horizon, rises along a
magnetic field line to the pointR on stretched infinity, runs
along stretched infinity to S, follows a different magnetic
field line back to the stretched horizon at P, and returns
along the stretched horizon to the starting point. The total
EMF around C is
ΔV ¼
I
C
α~E · d~l: ð19Þ
Assume C is at rest with respect to BL coordinates, so its
velocity with respect to ZAMOs is ~v ¼ ~β=α, where
~β ¼ ð0; 0;−ωÞ. C is a closed contour, so we can use
Faraday’s law to obtain [22]
ΔV ¼ −
I
C
~β × ~B · d~l: ð20Þ
The only contribution to this integral is from the segment of
C along the horizon, so
ΔV ¼ −
Z
Q
P
~β × ~B · d~l ¼ 1
2π
ΩHΔAϕ; ð21Þ
where ΔAϕ is the magnetic flux threading the horizon
between P and Q. The hole’s rotation acts as a battery
supplying the EMF, ΔV. This drives the current around the
circuit.
Now consider the resistors at the horizon and infinity.
(There is no resistance in the magnetosphere itself because
~EP is perpendicular to ~BP for force-free magnetospheres.)
The EMF is balanced by voltage drops,
ΔVH ¼
Z
Q
P
α~E · d~l; ð22Þ
ΔV∞ ¼
Z
S
R
α~E · d~l; ð23Þ
across the horizon and infinity. The total voltage drop is
ΔV ¼ ΔVH þ ΔV∞. Ohm’s law (15) gives
ΔVH ¼ IΔRH; ð24Þ
ΔV∞ ¼ IΔR∞; ð25Þ
where I is the integrated current,
ΔRH ¼ RH

ρΔθ
2πϖ

H
; ð26Þ
ΔR∞ ¼ R∞

ρΔθ
2πϖ

∞
; ð27Þ
and ΔθH and Δθ∞ are the angular lengths of PQ and RS.
So the voltage drop on each membrane is proportional to
377Ω and the angular distance C traverses across the
membrane.
We can relate the voltage drops to ΩF=ΩH because the
electric field is induced by the rotating magnetic field.
Plugging (16) into (22) and (23) gives
ΔVH ¼
1
2π
ðΩH −ΩFÞΔAϕ; ð28Þ
ΔV∞ ¼
1
2π
ΩFΔAϕ: ð29Þ
Dividing (29) by (28) gives
FIG. 2. The poloidal magnetic field, ~BP, extends from the
stretched horizon to stretched infinity. The closed curve, C, runs
along the field lines and closes off along the membranes. The
resistive drop across a membrane is proportional to the angular
distance traversed by C across the membrane. In this example,
RS has a smaller angular size than PQ, so these field lines have
ΔR∞=ΔRH < 1 and ΩF=ΩH < 0.5.
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ΩF
ΩH −ΩF
¼ ΔV∞
ΔVH
¼ ΔR∞
ΔRH
; ð30Þ
where in the last step we used (24) and (25). Now solving
for ΩF=ΩH gives
ΩF=ΩH ¼
ΔR∞=ΔRH
1þ ΔR∞=ΔRH
: ð31Þ
This shows that ΩF=ΩH is precisely the circuit efficiency.
Just as for ordinary circuits, maximum power output is
achieved at the load when the efficiency is 50%. When the
efficiency is low, most of the power generated by the black
hole battery is dissipated in the horizon. When the
efficiency is high, the load power is small because the
overall resistance of the circuit is large. Maximum jet
power corresponds to perfect impedance matching between
the horizon and infinity.
Dividing (26) by (27) gives
ΔR∞=ΔRH ¼
½Δθρ=ϖ∞
½Δθρ=ϖH
¼ ½Aϕ;θϖ=ρH½Aϕ;θϖ=ρ∞
; ð32Þ
where in the second equality we have used the fact that Aϕ is
constant on field lines. The factors of 377Ω have dropped
out. All that remains is a dependence on the angular
distribution of Aϕ at the horizon and infinity. If the field
is fairly uniform at the horizon and infinity, then ΩF=
ΩH ≈ 0.5. FFE magnetospheres tend to maximize jet power
(up to order unity factors) because they tend to relax to
roughly uniform field distributions at the horizon and infinity.
Equations (31) and (32) imply a simple rule for deciding
whether a force-free magnetosphere will have ΩF=ΩH
greater than or less than 0.5. If the magnetic field lines
have diverging angular separation as they approach infinity,
then the voltage drop is larger at infinity than at the horizon
and ΩF=ΩH > 0.5. If the field lines have converging
angular separation as they approach infinity, then the
voltage drop is smaller at infinity than at the horizon
and ΩF=ΩH < 0.5. Both cases are illustrated in Fig. 3.
A. Examples
The simplest FFE magnetosphere is the slowly rotating
split monopole [1]. The field lines have constant angular
separation, ΔθH ¼ Δθ∞. So Eqs. (31) and (32) give
ΩF=ΩH ¼ 0.5, as expected.
There are no analytical FFE solutions for split-monopoles
at high spins, but (31) and (32) imply that split monopoles
must have ΩF=ΩH ≈ 0.5 at all spins. This is consistent with
numerical solutions for split-monopole fields at high spins
[10,11,13,14,31] and perturbative analytical split-monopole
solutions extrapolated to high spins [2,6].
The next simplest solution is the slowly rotating parabo-
loidal field [1]. The distribution of flux at infinity is
Aϕ ¼ rð1 − cos θÞ=2; ð33Þ
and the distribution at the horizon is
Aϕ ¼ 2 log 2 − ð1þ cos θÞ logð1þ cos θÞ: ð34Þ
Plugging into (31) and (32) gives ΩF. We find perfect
agreement with a direct computation of ΩF ¼ −Ftθ=Fϕθ at
the horizon:
ΩF=ΩH ¼ ½sin2θð1þ logð1þ cos θÞÞ
× ½4 log 2þ sin2θ þ ðsin2θ
− 2ð1þ cos θÞÞ logð1þ cos θÞ−1: ð35Þ
This is a nontrivial check that (31) and (32) are correct.
There are no analytical FFE solutions for paraboloidal
fields at high spins, but (31) and (32) imply that they must
haveΩF=ΩH close to (but slightly less than) 0.5 at all spins.
III. BOUNDARY CONDITIONS AT INFINITY
The crux of the argument in Sec. II is the claim that Iþ
has a dual description as a resistive membrane with
R∞ ¼ 377Ω. This claim has a two-line proof. We assume
the electromagnetic field satisfies the outgoing boundary
condition
~Ejj ¼ −nˆ × ~Bjj ð36Þ
at infinity. Then we use the definition of the membrane
current, ~j∞ ¼ −nˆ × ~Bjj, to obtain
~j∞ ¼ ~Ejj; ð37Þ
which is Ohm’s law on the membrane. Restoring units
gives the surface resistivity R∞ ¼ 1=ðcϵ0Þ ¼ 377Ω. So
R∞ ¼ 377Ω is essentially equivalent to the boundary
FIG. 3. The magnetosphere on the left is overloaded: there is a
larger resistive drop across infinity than across the horizon, so
ΩF=ΩH > 0.5. The magnetosphere on the right is underloaded,
so ΩF=ΩH < 0.5.
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condition (36). We expect the impedance-matching argu-
ment to apply to all force-free fields which satisfy (36).
For stationary, axisymmetric FFE, the outgoing boun-
dary condition at infinity (36) is equivalent to
BT ¼ −ΩFAϕ;θ sin θ; ð38Þ
where BT ¼ ﬃﬃﬃﬃﬃﬃ−gp Frθ is the toroidal magnetic field and Aϕ
is the magnetic flux function. Equation (38) is completely
analogous to the Znajek condition [32] at the horizon
(which may be understood as an ingoing boundary
condition).
To see the equivalence of (36) and (38), note that at
infinity
BT ¼ r sin θFrˆ θˆ ¼ r sin θBϕˆ; ð39Þ
ΩF ¼
vϕˆF
r sin θ
; ð40Þ
Aϕ;θ ¼ r2 sin θFθˆ ϕˆ ¼ r2 sin θBrˆ: ð41Þ
Plugging into (38) gives Bϕˆ ¼ −vϕˆFBrˆ. Using ~E ¼ −~vF × ~B
gives Bϕˆ ¼ Eθˆ. This is one component of (36). The other
component is trivial because Eϕˆ ¼ 0 in stationary, axisym-
metric FFE. So (36) and (38) are equivalent boundary
conditions at infinity in stationary, axisymmetric FFE.
Instead of a boundary condition at Iþ, one can assume
fall-off conditions for the electromagnetic field. A standard
choice is
At ¼ Oð1=rÞ; Ar ¼ 0;
Aθ ¼ Oð1Þ; Aϕ ¼ Oð1Þ: ð42Þ
This is motivated by the fact that electromagnetic waves
near Iþ have the general form Aθ ¼ Ceikðt−rÞ. This implies
that waves near Iþ satisfy
Eθˆ ¼ −Ftθ=r ¼ −ikAθ=r ¼ Frθ=r ¼ Bϕˆ: ð43Þ
A similar calculation gives Eϕˆ ¼ −Bθˆ. So boundary con-
ditions (36) and (38) are consistent with the usual fall-off
conditions.
A. Examples
Consider again the split-monopole solution of [1].
This solution has
Aϕ ¼ −C cos θ; ð44Þ
Aϕ;θ ¼ C sin θ; ð45Þ
ΩF ¼
1
2
ΩH; ð46Þ
BT ¼ −
1
2
ΩHC sin2 θ: ð47Þ
The outgoing boundary condition at infinity (38) is clearly
satisfied.
A more interesting case is the paraboloidal solution of
[1]. For r=M ≫ 1, this solution has
Aϕ ¼
C
2
rð1 − cos θÞ þ 2CMð1 − log 2Þ; ð48Þ
Aϕ;θ ¼
C
2
r sin θ; ð49Þ
BT ¼ −CΩFrð1 − cos θÞ: ð50Þ
For general θ, the outgoing boundary condition (38) is not
satisfied. However, all of the field lines threading the event
horizon reach Iþ at θ ¼ 0. Expanding near θ ¼ 0 gives
Aϕ;θ ¼
C
2
rθ þOðθ3Þ; ð51Þ
BT ¼ −
C
2
ΩFrθ2 þOðθ4Þ; ð52Þ
so the outgoing boundary condition (38) is satisfied near
θ ¼ 0. This is why the impedance-matching argument
applies to the field lines threading the horizon. The portion
of the paraboloidal solution not threading the horizon
should probably be regarded as unrealistic, a stand-in for
the accretion disk or whatever other physics is supporting
the jet.
B. Finite-length jets
The membrane at infinity is an idealization. Real
astrophysical jets have finite length. The key property of
the membrane at infinity is R∞ ¼ 377Ω. We have shown
that this is equivalent to the outgoing boundary condition
(36). So for the purposes of the impedance-matching
argument, we can move the membrane to any cutoff surface
where (36) is approximately satisfied and apply the argu-
ment. The key question is how far from the event horizon
we need to go before (36) becomes a good approximation.
At the horizon, the electromagnetic field satisfies the
ingoing boundary condition
~Ejj ¼ nˆ × ~Bjj: ð53Þ
This is the same as (36) except for a sign flip. The upshot is
that ~EP points in opposite directions at the horizon and
infinity. At some intermediate radius, res, it vanishes. This
is the electromagnetic stagnation (ES) surface. At the ES
surface, the field changes its character from ingoing to
outgoing. We expect the outgoing boundary condition (36)
to be a good approximation for r≫ res.
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Equations (16)–(17) imply that the electric field vanishes
in the ZAMO frame when
ωðres; θÞ ¼ ΩF: ð54Þ
Figure 4 shows res as a function of a=M for ΩF=ΩH ¼ 0.5.
For a=M ¼ 0,
res=M ¼ 24=3 ≈ 2.5; ð55Þ
a constant independent of θ. For a=M ¼ 1, the radius of the
ES surface is res=M ≈ 1.6, with a few percent variation
between the poles and the equator.
So we expect the outgoing boundary condition (36) to be
a good approximation even for r=M < 100. The membrane
at infinity can be moved inside the jet and the impedance-
matching argument can be used to infer ΩF=ΩH ≈ 0.5 for
finite length jets.
The minimum distance from the black hole at which we
can introduce a cutoff surface and define a “membrane at
infinity” is the electromagnetic stagnation surface. For
astrophysical jets, there is also a maximum distance at
which we can place the membrane, because the field far
from the black hole is causally disconnected from the
field near the horizon. In particular, we should keep the
membrane within the subsonic region of the flow. [33]
found numerical solutions for force-free BZ jets in which
they fixed different boundary conditions on the electro-
magnetic field at r=M ≥ 16. They found that the jet power
was insensitive to the choice of boundary condition at these
radii. One possible explanation is that these radii may
already be in the supersonic region of the flow and, thus,
causally disconnected from the field near the horizon.
IV. GRMHD SIMULATION
Accreting black holes are not force free. In this section,
we apply our results to a GRMHD simulation of an
accreting black hole with a=M ¼ 0.9. The simulation
describes a 3þ 1-dimensional, turbulent accretion flow
in the Kerr metric. The accretion flow brings magnetic flux
onto the hole and a BZ-like jet develops spontaneously.
We discuss t- and ϕ-averaged results from the steady state
period of the simulation. For a detailed description of the
simulation, see [20].
Define the jet to be the region of the simulation where the
net energy flux is outwards. Figure 5 shows ΩF=ΩH at the
horizon. In the jet, the angular velocity is ΩF=ΩH ∼ 0.4, as
expected from the impedance-matching argument. Not all
field lines threading the horizon are in the jet. Field lines
threading the horizon near the equator are in the accretion
flow. These field lines have smaller ΩF=ΩH.
Figure 6 shows contours of ΩF overlaid on magnetic
field lines. ΩF is nearly constant on field lines. It would be
precisely constant on field lines in stationary, axisymmetric
ideal MHD [34]. However, the simulations are not ideal
MHD. They have (numerical) resistivity, as indeed they
must: without resistivity, it would be impossible for gas to
diffuse across field lines and there could be no accretion
flow. In addition, even the t- and ϕ-averaged simulation
data are not completely stationary and axisymmetric.
Despite these caveats, ΩF is roughly constant on field
lines.
We would like to understand ΩF=ΩH using the
impedance-matching argument. This argument relied on
two key assumptions: (i) current flows along magnetic field
lines, and (ii) the electromagnetic field satisfies the out-
going boundary condition (38) at infinity.
First, consider assumption (i). I is constant on field lines
in FFE but not in non-force-free MHD. Figure 7 shows
contours of the GRMHD simulation’s I overlaid on
magnetic field lines. FFE [and, hence, assumption (i)] is
a good approximation in the jet but not in the accretion
flow. This is as expected because the inertia of the gas is
negligible in the jet but not the accretion flow.
0.0 0.2 0.4 0.6 0.8 1.0
1.0
1.5
2.0
2.5
a M
r
M
FIG. 4. Spin dependence of res at θ ¼ 0 (solid) and θ ¼ π=2
(long-dashed) for ΩF=ΩH ¼ 0.5. The short-dashed curve is rH .
0.4 0.6 0.8 1.0 1.2 1.4
0.0
0.1
0.2
0.3
0.4
0.5
FIG. 5 (color online). ΩF=ΩH at the horizon of an a=M ¼ 0.9
GRMHD simulation. The red dot indicates the boundary between
the jet (where the net energy flux is outward) and the accretion
flow.
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Assumption (ii) is that the the electromagnetic field
satisfies the outgoing boundary condition (38) for
r=M ≫ res, where res=M ≈ 2 is the radius of the electro-
magnetic stagnation surface. Figure 8 shows the ratio
−
ΩFAϕ;θ sin θ
BT
ð56Þ
as a function of θ at several different radii. This ratio is
unity when the boundary condition (38) is satisfied. We
find that (38) is approximately satisfied in the jet, but not in
the accretion flow. This shows that the membrane “at
infinity” can be moved to horizon-scale radii and the
impedance-matching argument can be applied to the jet.
A different theory is needed to explain ΩF=ΩH in the
accretion flow.
V. DISCUSSION
Our goal in this paper was to understand the physics
controlling ΩF=ΩF in black hole jets. We gave a stream-
lined proof that all stationary, axisymmetric force-free jets
have ΩF=ΩH ≈ 0.5 (as long as the magnetic field distri-
bution is not too pathological). The proof led to a simple
geometrical rule for determining whether ΩF=ΩH is greater
than or less than 0.5: field lines with diverging (converging)
angular separation tend to have ΩF=ΩH greater (less) than
0.5. We used the impedance-matching argument to interpret
a GRMHD jet simulation.
Early models of black hole jets as circuits assumed
ΩF=ΩH is controlled by impedance matching between the
horizon and an astrophysical load where the force-free
approximation breaks down. In these models, ΩF=ΩH
depends on the ill-understood physics of the astrophysical
load and the theory leaves “to astrophysical model builders
the horrendous task of trying to compute it" [22]. We
identified the load with the membrane at infinity. This
simplifies the theory and it explains the universality of
ΩF=ΩH ≈ 0.5. This universality traces back to the fact that
0 5 10 15 20 25
0
5
10
15
20
25
x
z
FIG. 6 (color online). Lines of constant ΩF (dashed blue)
overlaid on magnetic field lines (solid black). The red curve is the
boundary between the jet and the accretion flow. The coordinates
are x ¼ r=M sin θ and z ¼ r=M cos θ.
0 5 10 15 20 25
0
5
10
15
20
25
x
z
FIG. 7 (color online). Lines of constant I (dashed brown)
overlaid on magnetic field lines (solid black). The red curve is the
boundary between the jet and the accretion flow.
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.0
0.5
1.0
1.5
2.0
FIG. 8 (color online). The diagnostic plotted on the vertical axis
is 1 when the outgoing boundary condition (38) is satisfied.
Curves correspond to r=M ¼ 10 (solid), 20 (long-dashed), 30
(short-dashed), and 40 (dot-dashed). Red dots indicate the
boundary between the jet and the accretion flow. The outgoing
boundary condition is approximately satisfied in the jet but not in
the accretion flow.
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the membranes at the horizon and infinity have the same
resistivity: RH ¼ R∞ ¼ 377Ω.
The membrane paradigm has been criticized as
acausal [35,36]. As a result, it has fallen into disfavor
among astrophysical model builders (exceptions include
[20,23–27]). The impedance-matching argument applies to
stationary solutions, so causality does not enter. A more
challenging problem is to understand how out-of-
equilibrium states relax to stationary solutions. The mem-
brane paradigm description is acausal because the event
horizon is teleological (its position depends on the entire
future history of spacetime).
An interesting open problem is to understand jets from
boosted black holes and binary black holes (see [28] and
references therein). There are no analytical FFE solutions in
these cases. The impedance-matching argument described
here may be useful. (Aversion of this argument was applied
to the binary problem in [37].) There has been progress
simulating boosted black holes in uniform vertical mag-
netic fields [38]. Uniform vertical fields do not satisfy the
outgoing boundary condition (36). However, one could
split the field into a uniform background field plus a
perturbation caused by the motion of the black hole. If the
perturbation satisfies the outgoing boundary condition (36),
then it might be possible to adapt the impedance-matching
argument to this component of the field [39].
Solving FFE analytically requires a boundary condition
at infinity. The nature of this boundary condition has been a
source of confusion [2]. In place of a boundary condition at
infinity, [4,6,8] use a “convergence condition” on the
electromagnetic field to find FFE solutions. Recently, this
convergence condition was shown to be equivalent to a
simple constraint on the fields at infinity [8]. This constraint
is a special case of the outgoing boundary condition (38). In
the future, it may be advantageous to use (38) directly as the
boundary condition at infinity when solving FFE (in the
same way that the Znajek condition is used at the horizon).
It would be interesting to extend this analysis from black
holes to neutron stars. Neutron star jets can also be
understood as circuits. The role of the membrane at infinity
is unchanged. The membrane at the horizon is replaced by
the neutron star surface. One difference is that while the
black hole membrane has a surface resistivity of 377Ω, a
neutron star is a perfect conductor. So to apply the circuit
equations to a neutron star, we should take the limit
ΔRH → 0. In this limit, Eq. (31) gives ΩF ¼ ΩH, which
means the field lines are forced to rotate at the same angular
velocity as the neutron star surface, as expected. Extending
the circuit analogy further may help explain the jets
produced by neutron stars as they undergo gravitational
collapse to black holes [40].
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